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Abstract. In this paper we investigate the existence of genetically finite dominant rational maps 
from products of curves to surfaces of general type. We prove that the product CxDof two distinct 
very general curves of genus g > 7 and g' > 2 does not admit dominant rational maps — other than 
the identity — on surfaces of general type. 



1. Introduction 

Let X be a non-singular complex projective variety of general type. Let XS{X) be the Iitaka- 
Severi set of X, whose elements are equivalence classes of generically finite dominant rational maps 
X — > Y to varieties of general type, where two such maps are equivalent if they differ for a birational 
isomorphism Y — » Y' of the target varieties. Moreover, let us denote by s(X) its cardinality. 

The finiteness of XS{X) has been recently proved by means of the main result of [25| and 
important advances in the knowledge of pluricanonical maps (cf. |35 } 133 } 119]). Furthermore, there 
are several works providing bounds on s(X) (see e.g. [2SJ EH E5J E3 EB] and [2H ES] under additional 
hypothesis). 

When X is a curve of genus g with general moduli (i.e. for any point [X] € Ad g contained 
in a certain non-empty Zariski open subset of the moduli space) it is well known that X does not 
dominate other curves of genus greater than one. Equivalently, 

Theorem 1.1. Let X be a general curve of genus g > 2. Then s{X) = 1. 

If in addition X has very general moduli (so [X] lies outside some countable collection of 
proper subvarieties of M g ), then its Jacobian is simple and X neither dominates elliptic curves. 
Furthermore, the cardinality of the Iitaka-Severi set is still one for general plane curves of degree 
d > 4 and for general hyperplane sections of regular surfaces (cf. [10j[32]). It is worth noting that 
these facts may be proved either by a moduli count based on Hurwitz formula, or by a monodromy 
argument on Hodge structures. 

In the light of the above mentioned results on curves, it is interesting to wonder whether — under 
some assumption of generality in a suitable moduli space — the same statement may hold true for 
higher dimensional varieties of general type. 

Almost nothing general is known in this direction as the techniques used for curves hardly 
apply to higher dimensional varieties. On one hand, it is difficult to estimate properly the number 
of moduli of ramification divisors of dominant rational maps X — » Y. On the other, the Kodaira 
dimension is no longer governed by Hodge structures. 
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However, [16] establishes that general surfaces X C IP 3 of degree 5 < d < 11 satisfy = 1, 
and the same is conjectured for general hypersurfaces X C IP™ of general type and arbitrary degree. 

Throughout we deal instead with this issue on products of curves, that is we investigate the 
existence of dominant rational maps C x D — -» S, where C and D are smooth complex projective 
curves and S is some surface of general type. 

We recall that the product C x D is of general type if and only if both C and D are. Clearly, 
if either s(C) > 1 or s(D) > 1, then s(C x D) > 1 as well. Moreover, there are several examples of 
surfaces of general type dominated by products of curves; beside Beauville surfaces (cf. p. 159] 
and [3 [2]), there are series of papers aiming to classify surfaces of general type dominated by 
products of curves under Galois rational coverings (see e.g. [3], SI E01 ETj). In particular, the curves 
involved in these constructions always posses non-trivial automorphisms. 

On the other hand, when both the factors are assumed to have very general moduli — hence 
without non-trivial automorphisms and maps on other curves of general type — we prove the follow- 
ing. 

Theorem 1.2. Let C and D be two distinct very general curves of genus g > 7 and g' > 2 
respectively. Then s(C x D) = 1. 

Hence the latter theorem leaves out only finitely many cases to discuss in view of a whole 
understanding of the problem. 

This result is not a direct consequence of the one-dimensional case. In line with |16j . we achieve 
Theorem 11.21 by using both the analogues of the techniques we mentioned above for curves. On 
one hand, we exploit a Hodge theoretical argument using monodromy to deduce that the possible 
target surfaces of dominant rational maps C x D —■* S have null geometric genus. On the other, 
we perform a moduli count of products of curves, surfaces of general type having p g (S) = 0, and 
families of curves lying on them. In particular, a very important role is played by the use of Mori's 
bend-and-break technique (cf. [26] and |23t Section II. 5]) on isotrivial families of curves covering S, 
whereas |16] heavily uses Hurwitz formula and bounds on number of moduli of ramification divisors. 
Furthermore, in order to treat the case g = 7,we argue by degeneration to stable curves approaching 
the boundary of the moduli space A4 g / . 

We point out that our argument fails to work for lower genera, but we believe possible some 
refinement leading to the assertion for g and g' satisfying g+g' > 9. Moreover, it is difficult to exhibit 
examples of dominant rational maps C x D -~» S on surface of general type when s(C) = s(D) = 1 
and the curves do not posses automorphisms. Therefore it seems natural to conjecture that Theorem 
11.21 could be extended both to lower genera — except when g = g' = 2 because there always exists a 
dominant map C x D — » S (cf. Remark 14. 2\i — and to a Zariski open subset of A4 g x M g i- Namely, 

Conjecture 1.3. Let C and D be two distinct general curves of genus g > 2 and g' > 2 respectively. 



The plan of the paper is the following. In Section 2 we shall introduce the main preliminary 
results. In Section 3 we shall turn to isotrivial families of curves covering surfaces of general type. 
Moreover, we shall prove a rigidity result for dominant rational maps from products of curves to a 
fixed surface of general type. Finally, Section 4 shall be devoted to prove Theorem 11.21 
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2. Preliminaries 

This section concerns the preliminary results involved in the proof of Theorem 11.21 After fixing 
notation, we shall recall some important facts and prove some results about the moduli space of 
stable curves and its boundary divisors. Then we shall follow |16|. Section 2] to deal with Hilbert 
schemes and moduli of surfaces of general type. Finally, we shall turn to products of curves and 
their Hodge structures. 

2.1. Notation. We work throughout over the field C of complex numbers. By variety we mean a 
reduced algebraic variety over C. When we speak of a smooth variety, we always implicitly assume 
it to be irreducible. 

Given a variety X, we say that a property holds for a general point x E X if it holds on a 
Zariski open non-empty subset of X. Moreover, we say that x G X is a very general point if there 
exists a countable collection of proper subvarieties of X such that x is not contained in the union 
of those subvarieties. 

As is customary, for any smooth surface X, we denote by q(X) = dim H l,0 (X) the irregularity 
and by p g (X) = dim H 2 '°(X) the geometric genus. 

2.2. Moduli of curves. Let M g be the moduli space of smooth projective curves of genus g > 2, 
which is an irreducible variety of dimension 3g — 3. Let M g denote the Deligne-Mumford compacti- 
fication and let A = A4 g — M g be the boundary divisor. We recall that the irreducible components 
Aj of A are closures of loci of curves with one node. In particular, the general curve of Ao is 
irreducible, whereas for i = 1, . . . , [g/2\, the general curve of Aj splits into two irreducible curves 
of genus i and g — i attached at one point (see for instance [TJ Chapter XII] and [20] Chapter 2] ) . 

We are interested in closed subvarieties of M g intersecting A at some point representing curves 
with only rational and elliptic components. When g = 2, it is well known that the only complete 
subvarieties of M2 are points, hence any positive dimensional closed subvariety of M2 parameterizes 
also curves having only rational and elliptic components. 

Dealing with higher genera, the following holds (cf. [X3j, Corollary 2.2]) . 

Theorem 2.1. For g = 3 and g > 5, any two irreducible closed subvarieties of M g of codimension 
one have non-empty intersection. 

Therefore codimension-one subvarieties of M g satisfy the following property. 

Corollary 2.2. Let g > 3 and let Z C M g be an irreducible subvariety of codimension one. Then 
the closure Z C M g meets Ai. 

Proof. Thanks to Theorem 12.11 the only case to treat is g = 4. Consider the Chow group A 1 ( Ma) 
of codimension-one cycles of Ma, and let X, 60,61,62 be the standard independent divisor classes 
generating A 1 (Ma) as a vector space. Let aX + ao<5o + + 0-262 be the class of Z. If Ai and 
Z had empty intersection, the product of their classes would vanish in the Chow group A 2 (Ma) 
of codimension-two cycles. In particular, we would have a relation (aX + ao^o + a i6i + 0-262) 6\ = 
between the products of the standard classes, but this is impossible as the unique such a relation is 
(10A - 6 - 26!) 62 = (see [13, Section 2]). □ 

Thus we deduce the following. 
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Proposition 2.3. Let g > 2 and let Z C A4 g be an irreducible subvariety of codimension one. 
Then there exists [Z'\ S Z such that Z' has only rational and elliptic components. 

Proof. The case g = 2 has been discussed above, so we set g > 3 and we proceed by induction on g. 
By Corollary 12.21 the closure Z C A4 g meets the boundary at Ai. Hence there exists an irreducible 
complete subvariety S C Z n Ai of dimension 3g — 5. In particular, if [Z] € S, then Z consists of 
some curves Z\ and Zg_i attached at one point, with [Z\] € M.\ and \Z g _^\ € M. g _\. 

Suppose that for general [Z] € S, the curve Z posseses a (unique) smooth component Z g _\. 
Therefore the image of the projection tt: £ — - > M g -i has dimension dim7r($]) > 3g — 7 = 
dimA'Ig-i — 1. By induction, there exists \Z' g _^\ € vr(S) such that Z' g _i has only rational and 
elliptic components. As £ is complete, there exists [Z 7 ] £ScZ, with Z 1 consisting of Z' g _ x and 
some elliptic curve Z' x attached at one point. 

On the other hand, assume that the general [Z] E £ has no smooth components of genus g — 1. 
Thus there exists a fixed < i < such that any [Z] is obtained from some [Z{\ € .Mi and 

G Aj C A^lg-i . Viceversa, by irreducibility, completeness and dim S = dim A^i + dim Aj + 1, 
we deduce that for any [Zi] £ A^i and [Z g _i] £ Aj, there exists [Z] € S given by [Z^] and [Z g -i\. 
In particular, Aj parameterizes also curves having only rational and elliptic component, so that E 
does. □ 



2.3. Families of curves. Let B be a smooth variety and let 6 B be a family of curves of genus 
g, that is a surjective proper morphism such that = q~ l (b) is a curve of genus g. We recall that if 
q is a smooth morphism, it is naturally defined a modular map ^: -B — )• M. g as ^(6) = [£y (see e.g. 
[27\ Chapter 5]). More generally, if q is not smooth and £ = |J£j is an irreducible decomposition 
such that any component dominates B, we can make a base change 

Pi q 
Wi > £ 

such that J-j Wj is a smooth family of genus <? curves and z^ -1 (iit) — £{, is the normaliza- 
tion map (see [HI Section 2.3]). Thus we still define the modular map /i: Wi — > M. g such that 
/j,(w) = [F w ], and we define the modular dimension of the family £ — J -> B as 

M(£/B) := max dim //(Wj). 

i 

Given a surface S* of general type, let us denote by 'Hilb(S) its Hilbert scheme. We assume 
further that £ — 1? is a family of curves on 5, that is £ C -B x S. Over a Zariski open subset 
U C B, the morphism g is flat and we can define a map p: U — > T-Lilh(S) sending b € U to the 
point parameterizing the curve on S. Thus we define the dimension of the family £ on S as 

£>(£/£) := dim p(U), 

and we have the following result based on Mori's bend-and-break (cf. |16[ Proposition 2.3.2]). 
Theorem 2.4. Let £ — > B be a family of curves of genus g > 2 on a surface of general type. Then 

M(£/B) < D(£/B) < M(£/B) + 1. 
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Remark 2.5. We recall a well-known fact often involved in the proof of Theorem [L2l that is neither 
rational nor elliptic curves cover a surface of general type. In particular, D(£/B) = for any family 
of curves on S of genus g < 2. 

2.4. Moduli of surface of general type. Let Mjc 3 ,* ^ e the variety parameterizing isomorphism 
classes of surfaces having numerical invariants x and K 2 - As in [8], we consider the isomorphism 
class [S] G Mk 2 ,x oi " a suriace °f general type S, and we denote by M. the union of the components 
of A4j^2 x whose points are isomorphism classes of surfaces orientedly homeomorphic to [S]. Then 
the number of moduli M(S) of S is defined as the dimension of A4 at [S], and it satisfies the 
following estimate (cf. |16t Theorem 2.5.1]). 

Theorem 2.6. Let S be a minimal surface of general type. Then 

M(S) < ll X (O s ) + Kl 

2.5. Cohomology of products of curves. Let C and D be two curves of genus g and g' , respec- 
tively. Then the complex cohomology of the surface C x D is governed by Kunneth formula (cf. 
PH P- 103-4]), that is 

H M (C x D) = H^{C) ® H h ' k {D). (2.1) 

i-\-h= p 

j + k = q 

In particular, global canonical sections are such that H 2 '°(C x D) = H 1,0 (C) <S> H 1,Q (D). Hence 
the canonical map (j>: C x D — > pss' -1 factors as 

C x D ^ P^ 1 x Pf - 1 — P99 -i ; (2.2) 

where </>|oj c | and are the canonical maps of C and D, whereas a is the Segre embedding (cf. 

[6jp.87]). 

We note further that H 2,0 (C x D) is isomorphic to the space of holomorphic two- forms of the 
Hodge substructure il^C, C) <g> H l {D, C), and we have the following. 

Lemma 2.7. Let C and D be two distinct very general curves of genus g > 2 and g' > 2, respectively. 
Then the Hodge structure H l {C, C) <8'-ff 1 (-D,C) is irreducible. 

Proof. Let us consider the Jacobian variety J(C) of C and the cohomology group 
-ff 1 (J(C),C) = H l (C, C). As C is assumed to be a very general curve of genus g, the monodromy 
action on H 1 (C, C) of the symplectic group Sp(2g, Z) — of 2g x 2g matrices preserving the intersection 
form on J(C) — is irreducible. Analogously, we have that Sp(2</,Z) acts irreducibly on H 1 (D,C). 
Then the induced action of Sp(2g, Z) x Sp(2</, Z) on -ff 1 (C, C) <g> ff 1 (Z), C) is irreducible as well (see 
e.g. [28, Section 1.2.7]). □ 

3. ISOTRIVIAL FAMILIES OF CURVES AND RIGIDITY 

In this section we deal with isotrivial families of curves dominating a surface S of general type. 
We are aimed at proving a rigidity result on dominant rational maps C x D -~» S from a product 
of curves, when the first factor deforms in a family C — > T with Co = C. 

We say that a family of curves £ — > B is isotrivial if there exists a Zariski open subset U C B 
such that the fibres = q~ l {b) with b € U are all isomorphic to a fixed smooth curve. Moreover, 
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such a family is called trivial when it is birational to the product BxD endowed with the projection 

Now, let D be a smooth projective curve of genus g > 2, and let £ B be a one-dimensional 
isotrivial family with general fibre Ef, = D. Under this assumption, the family is dominated by a 
trivial family constructed with the following explicit base change (cf. [7, Section 2.4]). Let 

Bq := {(6,-0) \b £ B and ip: Ej, — > D is an isomorphism} (3-1) 

and let B' C Bq be any connected component dominating B. Then the fibred product 

£' := B' x B £ 

= {(b,4>,y) \b £ B, y £ Ef, and ip: E^ — > D is an isomorphism} 

is isomorphic to B' X D under the map (b,ip,y) i — > ((b,ip),ip(y)). Hence we have the rational map 
of families 

B' x D - - -+ £ 



B> + B 

given by ((6, ip),y) i — > ip~ 1 (y). Furthermore, the fibred surface B' x D is somehow universal among 
trivial families dominating £ . Namely, 

Lemma 3.1. Let C and D be smooth projective curves of genus g,g' > 2. Let £ B be a one- 
dimensional isotrivial family with general fibre isomorphic to D. For any dominant rational map of 
families 

C xD-- +£ 
v 

C- - h -+B 

there exist a curve B' and a rational map hi: C -~* B' such that ip factors through B' x D as a 
map of families 

h'xldn 

C x D +B' xD 

I 

" - ^ 1/3 
V + 

^£ . 

Proof. Let x € C be a general point. The fibre D x = p~ 1 (x) coincides with the curve {x} x D, which 
is a copy of D. Under this identification, the restriction (p\{ x } X D : D — > E h i x -\ is an isomorphism. 
Therefore we may define a map 

ti: C -* B n 

-x\ (3.2) 



X l > (h(x), (<P\{ X } X D) 

whose image is an irreducible component of Bq. Then we define B' C -Bo to be a connected 
component containing the image h'(C). Finally, for general (x,y) € C x D, we deduce 

(f3 o (h! x Ld D )) (x,y) = /3 ((h{x), (^{^xo)' 1 ) ,yj = ^P\{x}xD(y) = <f(x,y) 
as claimed. □ 
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A family of dominant rational maps from products of curves to a surface S of general type may 
be viewed as a map /: C Xt T> -~> S, where C — > T and T> — > T are families of smooth curves, 
and the restrictions ft'. Ct x Dt — ► S are dominant. 

When one of the factors does not move, i.e. V = T x D for some smooth curve D, we have that 
C Xf D = C x D. In this setting, we combine Theorem 12.41 with Lemma 13. 11 and we prove that the 
maps of the family / : C x D — ■> S factor through some fixed surface B' x D. Namely, 

Proposition 3.2. Let D be a smooth projective curve of genus g' > 2 and let S be a surface 
of general type. Let C — > T be a family of smooth projective curves of genus g > 2 and let 
f : C x D —•* S be a rational map such that the restrictions ft'. Ct X D —-> S are dominant. 
Moreover, assume that for general x € Ct, the curve {x} x D maps birationally onto its image 
ft({x}xD)cS. 

Then there exist a curve B' , and for general t G T, a rational map h' t : Ct —■* B' such that ft factors 
through B' x D as 

h'xId D 

C t x D -> B' xD (3.3) 

ft -» 4, 

" ^ s . 

Proof. Let t € T be a general point. Our aim is to construct an isotrivial family £ 
Lemma 13. 11 being independent of t G T and fitting in a commutative diagram as 

c t xD-- + e 

Pt q 

C t -- ht -^B. 

We recall that the fibres p^ 1 (x) = {x} x D form a family of copies of D with total space C t X D. 
As ft is dominant, the images ft({x} x D) produce a one-dimensional family of curves covering S, 
which is parameterized over some curve Bt C Tiilh(S). 

Let B := (UteT-^t)rcd ^ T^MS 1 ) an d let T C B x S be the restriction to B of the universal 
family over 'Hilb(S). We want to prove that B is a curve. By assumption, for general t € T and 
x £ Ct, the curve {x} x D is birational onto its image under ft, and hence the normalization of 
ft({x} x D) is isomorphic to D. Therefore the modular dimension of J- — > B is M{J-/B) = 0. 
Furthermore, the curve Bt does not depend on t E T. Indeed, if Bt were deformed on the Hilbert 
scheme of S as we vary t S T, the dimension of J- — > B on S would be D(J-/B) = dimB > 2, 
but this contradicts Theorem 12.41 Thus T — > B is a one-dimensional family of curves on S, whose 
general fibre Ff, has normalization D. 

Let h t : Ct — > B be the map sending x E Ct to the point b £ B such that ft({x} x D) = Ff,. 
Then we define the dominant rational map 

C t xD — » T 
(x,y) i — > (h t (x),f t (x,y)). 

Normalizing T — and possibly shrinking B — we obtain an isotrivial family of curves T — — >• -B whose 
general fibre Ff, is isomorphic to D. Furthermore, we can lift ipfi Ct X D -~» J 7 to a dominant 
rational map of families (pt'- Ct x D F fitting in (|3.4p . Thus Lemma 13. 1 1 assures that there exist 



1? as in 



(3.4) 
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a rational map h' t : C% —■* Bq as in (13.2p and a connected component B' C i?o containing h' t (Ct) 
such that 

h'xId D 

Ct x D — + B x D 

i 



Clearly, any h' t : Ct — » -Bo maps on some irreducible component of Bq. Over an open subset of T, 
we can then assume that the image h' t (Ct) is independent of t, so that B' also is. 

Finally, let ir: J- — > S be the map inherited from the natural projection of J- C B x S. By 
construction we have ft = ^°ft as rational maps, and hence the following commutative diagram 

C t xD--* *B' xD 

I 

^. I 7TO/3 

□ 

Remark 3.3. Under the hypothesis of the proposition, we assume further that for general t £ T 
and y E D, the curve Ct X {y} maps birationally onto its image ft(Ct X {y}) C S. Then the general 
C\ is birational to an irreducible component of B', and hence the family C — > T is isotrivial. In 
particular, any map C x D -~> 5 is rigid under deformations as above of the first factor. 

Remark 3.4. More generally, it would be very interesting to have a rigidity theorem for dominant 
rational maps C x D ---> S, which deform in families /: C xj- T> — » S. 

For instance, by using the techniques of this paper, it is possible to prove that if D has genus g' = 2, 
it cannot move and the maps ft : Ct x D — - »• S fit in (|3,3p . 

In particular, if both C and D have genus 2, then C x D — » 5 is rigid as a map from products of 
smooth curves to a fixed surface of general type. 



4. Proof of Theorem 11.21 

This section is devoted to prove Theorem 11.21 We start with a preliminary lemma providing 
restrictions on surfaces of general type dominated by products of very general curves. Namely, 

Lemma 4.1. Let C and D be two distinct very general curves of genus g > 2 and g' > 2, respectively. 
Let S be a minimal surface of general type and let f : C x D — > S be a dominant rational map of 
degree m > 1. Then 

(i) Pg (S) = 0, 

(ii) M{S) < 19. 



Proof, (i) Let 



X 
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be a resolution of the indeterminacy locus of /, and let /*: H 2 (S,C) — > H 2 (C x D,C) be the 
Hodge structure map defined as the composition of the pullback map /* : H 2 (S,C) — > H 2 (X,C) 
with the Gysin map h* : H 2 (X,C) — ► H 2 (C x D,C). 

Let us consider the injective morphism /|o : H 2,0 (S) — > H 2,0 (C x D), and let us recall 
that H 2 '°(C x D) = H l '°{C) ®H l ^{D) is the holomorphic part in the Hodge decomposition of 
H l (C,C) (g> -?/ 1 (L',C). Then Lemma 12 . 71 assures that the image of the monomorphism /| is either 
trivial or the whole H 2 '°{C x D). Thus either p g (S) = or F 2 >°(5) ^ H 2 $(C x D). 

Aiming for a contradiction, let us assume H 2,0 (S) = H 2,0 (C x D). Therefore the canonical map 
4> of C x D factors — as a rational map — through / and we have the following diagram 

C x D ► F^'- 1 (4.1) 

S / 
X. / 

/ v 

If </ > 2, both C and L> are embedded by their canonical maps, and hence (p is an embedding 
by (|2.2p . Thus we have a contradiction as deg/ > 1. 

On the other hand, suppose that g' = 2. Then the canonical map of D factors through the 
hyperelliptic map. Hence deg^ = 2 and the canonical image 4>(C x D) is birational toCxP 1 . Thus 
deg / = 2 and S is birational to C x P 1 as well, which is still a contradiction as S is of general type. 

(ii) Since S a minimal surface of general type, we have x(Ps) = 1 — q(S) + P g {S) > 1, and 
hence x(Os) = 1 by the first part of the proof. By Theorem 12.61 we have M(S) < llx{Os) + Kg 
and Miyaoka-Bogomolov inequality assures that K$ < 9x(Os)- Furthermore, if K$ = 9, then S is 
rigid by Yau's theorem. Thus the number of moduli of 5 satisfies M(S) < 19. □ 

Remark 4.2. Let C and D be distinct very general curves of genus 2, with hyperelliptic involution 
i and j, respectively. Then their product admits a dominant map C x D ---> Y on a surface of 
general type having q(Y) = and p g (Y) = 4, where Y is the quotient of C x D under the involution 
(PiQ) 1 — ^ (i(p) > J '(?)) • Furthermore, Y is the unique surface of general type dominated by C x D 
having positive geometric genus. 

Indeed, if /: C x D — ■> S were a dominant rational map on another surface of general type 
with p g {S) > 0, we would argue as in Lemma 14.11 and / would fit in (|4.ip . Since the monodromy 
group M{4>) of the canonical map is isomorphic to = Z/2Z x Z/2Z, the surfaces with positive 
geometric genus fitting in the diagram are just Y, P 1 x D and CxP 1 . 

Moreover, we recall that a very general curve C of genus g > 2 does not dominate other curves 
of positive genus. So if /: C — > E is a non-constant morphism to a curve E with normalization 
E, then either £7 = C — and / is birational — or E = P . 

We now prove our result. Firstly, we shall use rigidity of dominant rational maps to set a 
moduli count excluding the case g > 8. In order to rule out the case of genus 7, we shall study the 
degeneration of trivial families of curves of genus g' dominating a fixed surface S of general type. 
Arguing by contradiction and using Proposition 12.31 we shall obtain some family of curves having 
only rational and elliptic components, which still covers S. 

Proof of Theorem Let C and D be two distinct very general curves of genus g > 7 and g' > 2 
respectively. Without loss of generality, we set g > g' . By contradiction, let us assume the existence 
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of a dominant rational map C x D — ■» S of degree m > 1 on a surface 5 of general type and — up 
to consider the minimal model of S — let us suppose S to be smooth and minimal. 
We define the locus S C M g x M g > as 

S := {([X],[Y]) eM a xMg>\5X xY —* S dominant}, (4.2) 

and let 1Z C 5 be an irreducible component passing through ([C], [-D]), endowed with the projection 
maps 7Ti : 1Z — > M g and TT2 : 7?- — > 7W 9 ' . 

Claim 4.3. T/ie projection map TT2 : 1Z — > M g > is generically finite. 

Proof. We consider the fibre over the very general point [D] G M g ', 

-k^ 1 ([D]) = {([X], [D]) e TZ\3 X x D --■> S dominant} . 

Aiming for a contradiction, we assume dimvr^ 1 ([£>]) > 0. Let T := 7Ti (-7r 2 ([-D])) C A4 9 and notice 
that it has the same dimension of ir^ 1 ([D]). 

Since [C] G T is a very general point of M g , it lies on the locus M g of curves without au- 
tomorphisms other than the identity. Let T := T\m ( 1 an d consider the restriction C — > T of the 
universal family over Mg. By construction, any fibre Ct is a curve admitting a dominant rational 
map ft: Ct x D —•* S. Up to make a base change, the family of curves C — > T is endowed with a 
dominant rational map f:CxD --■> S having restrictions ft: Ct x D --■ » 5. 

We note further that for general t € T and x G Ct, the curve {x} x D maps birationally onto 
its image /t({a;} x Z>). Indeed {x} x D is a copy of the very general curve L>, therefore /t({x} x D) 
is either birational to I? or a rational curve. In the latter case, the surface S of would be covered 
by rational curves, but this is impossible (cf. Remark 12. 5p . 

Therefore the family C — > T fulfils the hypothesis of Proposition 13.21 Thus there exist a curve 
B' and — for general t G T — a non-constant map h' t : Ct — » B' such that 

+ B' x D (4.3) 
I 

■ir 

In particular, there is an irreducible component of B' dominated by the general fibre Ct, and hence 
by the very general curve C. Therefore the closure of such a component must be a rational curve. 
Then the surface S is covered by a family of rational curves under the map B' x D S in ()4.3p . 
Thus we have a contradiction as S is of general type. □ 

Thanks to Lemma 14.11 we have that p g (S) = and the modular dimension of S satisfies 
M(S) < 19. Furthermore, for a general choice of S among minimal surfaces of general type having 
p g = and being dominated by a product of very general curves, we have 

dim ft > dim (M g x M g >) - M(S) > (3g - 3) + (3^ - 3) - 19. (4.4) 

Moreover, the generically finiteness of 7^: TZ — > M g > assures that dim 1Z < dim M g i = 3g' — 3. 
Thus (3g — 3) — 19 < and the assertion of Theorem 11.21 is proved for any g > 8 and g' > 2. 

Then we assume g = 7 and 2 < g' < 7. As a consequence of inequality (|4.4p and Claim 14.31 we 
deduce that the image Z := ^(TZ) C M g > is a subvariety of dimension 3g' — 4 < dimiJ < 3</ — 3. 



C t xD 



h' t xId D 
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Let Z C Aigi be its closure. Therefore Proposition 12.31 assures that there exists \Z'\ G Z such that 
all the irreducible components of Z' are rational and elliptic. 

Claim 4.4. For any [Z] G Z — Z, there exist a family X — > W of nodal curves of genus g' and 
a dominant rational map X — - > S , such that the general fibre X w of the family consists of a curve 
birational to Z and some rational components. 

Proof. Let Z be a curve of genus g' such that [Z] £ Z — Z. Let U be a disk parameterizing a family 
y — > U of curves such that [It] G Z for t ^ and Yq = Z. By construction for any t ^ 0, there 
exists a dominant rational map ft: Xt x Yj — > 5, with [Xt] G In particular, the images of the 
curves {x} x Yj under the maps ft describe a family of curves covering S. 

We focus on those curves ft({x} x Y t ) C 5 passing through a fixed general point s 6 S. Up to 
some base change, we can assume the maps ft varying holomorphically on U* = U — {0}. Hence 
we can define a dominant rational map 

y--^s 



u* 

where the restrictions £W are inherited from the maps ft, and the curves £ (Yj) pass through s G S. 
We extend £ at t = by nodal reduction (cf. [201 P-H9]) 



so that the central fibre Yq is a nodal curve containing a curve birational to Z and the remaining 
components are rational. Moreover, the image £' (Y ') C 5 is a curve passing through the general 
point s G S, and hence the assertion follows. □ 

Since [Z'] G Z — Z, there exists a family A" — W and a dominant rational map X' — ► S 1 as 
in Claim 14.41 In particular, each component of the general fibre X' w is either rational or elliptic. 
Hence the surface of general type S is covered by curves of genus smaller than two. Thus we get a 
contradiction and Theorem 11.21 is proved. □ 

Remark 4.5. We note that when 2 < g' < g < 6, the subvariety Z C M. g ' has no longer 
codimi? < 1, and our argument fails to work. On the other hand, we are assured that Z meets the 
boundary A C M g i when codimi? < 2g' — 2 (cf. |12j). Hence one can hope to extend Theorem 
11.21 to lower genera by refining our techniques and using some results describing the intersection 
between Z and some Aj C M. g i (see e.g. [11], [23] for Ao). 
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